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CHAPTER 3

12.

Interpolation and Polynomial Approximation

b.  Derive the error term in Theorem 3.9. [Hint: Use the same method as in the Lagrange error
derivation, Theorem 3.3, defining

(t —x0)? -+ (1 — x)?

g(l) — j(z) — H2n+1(t) - (x — X())z e (x— x,z)z

Lf (x) — Hop ()]

and using the fact that g’(¢) has (2n 4 2) distinct zeros in [a, b].]

Let zo = x9, 21 = X0, 22 = X1, and z3 = x;. Form the following divided-difference table.

20=2x0 flzol = f(x0)
flzo.z1]1 = f'(x0)
2z =x0 flz]l = f(x0) Sflzo,21,22]
f[ZhZz] f[Zo»Zl,Zz,Zs]
n=x1 flzl=f&) flz1,22, 23]
flza, 2l = f(x1)
zn=x flzl=fGx)

Show that the cubic Hermite polynomial H3(x) can also be written as f[zo] + flz0,211(x — Xxo) +
flzo. 21, 221(x — x0)* + fl20,21, 22, 231 (x — x0)*(x — x1).

35

Cubic Spline Interpolation’

The previous sections concerned the approximation of arbitrary functions on closed intervals
using a single polynomial. However, high-degree polynomials can oscillate erratically, that
is, a minor fluctuation over a small portion of the interval can induce large fluctuations
over the entire range. We will see a good example of this in Figure 3.14 at the end of this
section.

An alternative approach is to divide the approximation interval into a collection of
subintervals and construct a (generally) different approximating polynomial on each sub-
interval. This is called piecewise-polynomial approximation.

Piecewise-Polynomial Approximation

The simplest piecewise-polynomial approximation is piecewise-linear interpolation, which
consists of joining a set of data points

{(X(), f(xo))a (xla f(x]))a ey ()Cn, f(xn))}

by a series of straight lines, as shown in Figure 3.7.

A disadvantage of linear function approximation is that there is likely no differ-
entiability at the endpoints of the subintervals, which, in a geometrical context, means
that the interpolating function is not “smooth.” Often it is clear from physical condi-
tions that smoothness is required, so the approximating function must be continuously
differentiable.

An alternative procedure is to use a piecewise polynomial of Hermite type. For example,
if the values of f and of f’ are known at each of the points xog < x; < --- < X, a cubic
Hermite polynomial can be used on each of the subintervals [xop, x;], [x1,X2], . . ., [*n—1, Xn]
to obtain a function that has a continuous derivative on the interval [xg, x,,].

"The proofs of the theorems in this section rely on results in Chapter 6.
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Figure 3.7
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Isaac Jacob Schoenberg
(1903-1990) developed his work
on splines during World War 11
while on leave from the
University of Pennsylvania to
work at the Army’s Ballistic
Research Laboratory in
Aberdeen, Maryland. His original
work involved numerical
procedures for solving
differential equations. The much
broader application of splines to
the areas of data fitting and
computer-aided geometric design
became evident with the
widespread availability of
computers in the 1960s.

The root of the word “spline” is
the same as that of splint. It was
originally a small strip of wood
that could be used to join two
boards. Later the word was used
to refer to a long flexible strip,
generally of metal, that could be
used to draw continuous smooth
curves by forcing the strip to pass
through specified points and
tracing along the curve.

To determine the appropriate Hermite cubic polynomial on a given interval is simply
a matter of computing H3(x) for that interval. The Lagrange interpolating polynomials
needed to determine Hj are of first degree, so this can be accomplished without great
difficulty. However, to use Hermite piecewise polynomials for general interpolation, we
need to know the derivative of the function being approximated, and this is frequently
unavailable.

The remainder of this section considers approximation using piecewise polynomials
that require no specific derivative information, except perhaps at the endpoints of the interval
on which the function is being approximated.

The simplest type of differentiable piecewise-polynomial function on an entire interval
[x0, x,,] is the function obtained by fitting one quadratic polynomial between each successive
pair of nodes. This is done by constructing a quadratic on [xy, x;] agreeing with the function
at xy and x1, another quadratic on [x, x,] agreeing with the function at x; and x,, and so
on. A general quadratic polynomial has three arbitrary constants—the constant term, the
coefficient of x, and the coefficient of x>—and only two conditions are required to fit the
data at the endpoints of each subinterval. So flexibility exists that permits the quadratics to
be chosen so that the interpolant has a continuous derivative on [xg, x,,]. The difficulty arises
because we generally need to specify conditions about the derivative of the interpolant at
the endpoints xo and x,. There is not a sufficient number of constants to ensure that the
conditions will be satisfied. (See Exercise 26.)

Cubic Splines

The most common piecewise-polynomial approximation uses cubic polynomials between
each successive pair of nodes and is called cubic spline interpolation. A general cubic
polynomial involves four constants, so there is sufficient flexibility in the cubic spline pro-
cedure to ensure that the interpolant is not only continuously differentiable on the interval,
but also has a continuous second derivative. The construction of the cubic spline does not,
however, assume that the derivatives of the interpolant agree with those of the function it is
approximating, even at the nodes. (See Figure 3.8.)
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Figure 3.8

Interpolation and Polynomial Approximation

S(x) 4

Sj(xj+1) =f(xj+1) = Sj+1(xj+l)
Sf'(xﬁrl) = S;+1()C_j+1)
Sj{,(xj+l) = S/{,Jrl(xj+l)

Definition 3.10

A natural spline has no conditions
imposed for the direction at its
endpoints, so the curve takes the
shape of a straight line after it
passes through the interpolation
points nearest its endpoints. The
name derives from the fact that
this is the natural shape a flexible
strip assumes if forced to pass
through specified interpolation
points with no additional
constraints. (See Figure 3.9.)

Figure 3.9

Example 1

Given a function f defined on [a,b] and a set of nodes a Xo < X < <
X, = b, a cubic spline interpolant S for f is a function that satisfies the following
conditions:

(a) S(x) is a cubic polynomial, denoted S;(x), on the subinterval [x;,x;j1] for each
j=0,1,...,n—1;

(b) Sj(x) = f(xj) and Sj(xj41) = f(xj41) foreachj =0,1,...,n—1;

(©)  Sj+1(xj+1) = Sj(xj41) foreachj = 0,1,...,n — 2; (Implied by (b).)

(d) S;+1(X/+1) = S]/-(xjﬂ) foreachj =0,1,...,n —2;

(e) S/, (xj+1) = S/ (xj41) foreachj =0,1,...,n—2;

(f) One of the following sets of boundary conditions is satisfied:

i) S"(xg) =8"(x,) =0 (natural (or free) boundary);
() S'(xo) = f'(xp) and §'(x,) = f'(x,) (clamped boundary).

Although cubic splines are defined with other boundary conditions, the conditions given
in (f) are sufficient for our purposes. When the free boundary conditions occur, the spline is
called a natural spline, and its graph approximates the shape that a long flexible rod would
assume if forced to go through the data points {(xg, f (x0)), (x1, f(x1)), ..., (xns f (X))}

In general, clamped boundary conditions lead to more accurate approximations because
they include more information about the function. However, for this type of boundary
condition to hold, it is necessary to have either the values of the derivative at the endpoints
or an accurate approximation to those values.

Construct a natural cubic spline that passes through the points (1, 2), (2,3), and (3, 5).

Solution This spline consists of two cubics. The first for the interval [1, 2], denoted

So(x) = ag + bo(x — 1) + co(x — 1)* + do(x — 1)°,
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Clamping a spline indicates that
the ends of the flexible strip are
fixed so that it is forced to take a
specific direction at each of its
endpoints. This is important, for
example, when two spline
functions should match at their
endpoints. This is done
mathematically by specifying the
values of the derivative of the
curve at the endpoints of the
spline.
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and the other for [2, 3], denoted
Si(x) = a1 +bi(x —2) +e1(x — 2)* + dy (x — 2)°.

There are 8 constants to be determined, which requires 8 conditions. Four conditions come
from the fact that the splines must agree with the data at the nodes. Hence

2=f(1)=ap, 3= fQ2)=ao+ by+co+ do, and

5=f0B3)=a +b +c+d.

3=fQ2)=ay,

Two more come from the fact that S (2) = §}(2) and S;(2) = S (2). These are

Sp2)=S5,2): by+2c0+3dg=b, and  SI2)=S/(2): 2co+ 6dy=2c,

The final two come from the natural boundary conditions:
Sg(l) =0: 26‘0 =0 201 + 6d1 =0.

and S73) =0:

Solving this system of equations gives the spline

2+ 3 =1+ (x— 13, forx € [1,2]

S(x) =
* 342 —2)+3(x—2)% - L(x —2)3, forx € [2,3]

Construction of a Cubic Spline

As the preceding example demonstrates, a spline defined on an interval that is divided into n
subintervals will require determining 4z constants. To construct the cubic spline interpolant
for a given function f, the conditions in the definition are applied to the cubic polynomials

Si(x) =a; + bj(x —x;) + ¢;(x — xj)2 +di(x — xj)3,

for each j = 0,1,...,n — 1. Since S;(x;) = a; = f(x;), condition (¢) can be applied to
obtain

ajr1 = Si1 (1) = Si(x41) = @ + b1 — ) + ¢ (1 — 57 + di (41 — x)°,
foreachj=0,1,...,n— 2.
The terms xj;1 — x; are used repeatedly in this development, so it is convenient to
introduce the simpler notation
hj = xj1 = %,
foreachj=0,1,...,n — 1. If we also define a, = f(x,), then the equation
ajr1 = aj + bjhy + ¢h; + dihy (3.15)

holds for eachj = 0,1,...,n— 1.
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